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INVERSE TRIGONOMETRIC FUNCTION

CAREER INSTITUTE
KOTA (RAJASTHAN

1. INTRODUCTION :

The inverse trigonometric functions, denoted by sin!x or (arc sinx), cos™'x etc., denote the angles whose sine,
cosine efc, is equal to x. The angles are usually the numerically smallest angles, except in the case of cotx, and

if positive & negative angles have same numerical value, the positive angle has been chosen.

It is worthwhile noting that the functions sinx, cosx etc are in general not invertible. Their inverse is defined by
choosing an appropriate domain & co-domain so that they become invertible. For this reason the chosen value

is usually the simplest and easy to

remember.

2. DOMAIN & RANGE OF INVERSE TRIGONOMETRIC FUNCTIONS

SNo| f(x Domain Range
mT T

(1) | sin'x x| <1 [*55}

(2) | cosix x| <1 [0, =]
T T

(3) | tan"'x x € R (*5 5]

(4) | sec'x x| =1 [0, “]_{g} or [07 gju[g ’T}
T T

(5) | cosec'x x| > 1 [_55}_{ }

(6) | cot'x x € R 0, m

3. GRAPH OF INVERSE TRIGONOMETRIC FUNCTIONS :

yFarcsinx

V=X

UESinx

/2

(Taking image of sin x about y = x to get sin™'x)

1.1, 11> [-n/2, n/2]

fx) = sin"}(x)

v
arc sinx
TC/ 4 z
—1
(0] 1
.................... 77.5/2
y=arc sinx
(v = sin"lx)
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(b) f:[0,m > [-1, 1]

f(x) = cos x

y=arc cosx R

/
~
Yo e

(Taking image of cos x about y = x)
(c) f: (-n/2, n/2)> R

f(x) = tan x
Y
nd4  ytanx
/ g
/2
/ /y%a:c tanx
t X
-m/2 0] in/2 T
y=arc tanx__
- / —1/2
=X
y=tanx 1l

(Taking image of tan x about y = x)
(d) f:(0,m—>R

f(x) = cot x
v
v
________________________ 4
y=arc cob\
n/2
Iarcoob{
X
2t
y:x o" _TE -
y=cotx

(Taking image of cot x about y = x)
(e) f:00, n/2) U (n/2, m] > (—o0, ~1] U1, )
f(x) = sec x

£ (—o0, 1] UL, ) = [0, 1/2) U (/2,7

1 (x) = secx

f1.1-1, 11> 1[0, n]

1 (x) = cos T x

/2

-1 O 1 X

(v = cos™'x)

f1.R > (-n/2, 1/2)

1 (x) = tan~! x

Y
/2
y=arc tanx
0 X
ymarc tanx
-n/2
(v = tan'x)
f1.R >0, n)
1 (x) = cot™' x
v

n/2
y=arc cotx

O X
(y = cotx)
YA
T
n/2
] a 1 *
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(f)  f:[n/2, 0000, 1/2] > (—0, 1] UL, ) v/
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f(x) = cosec x \

Y !
£ (o0, ~1]UIL, ) - [-1/2, 0) U (0, 1/2] ‘\ © !

: -n/2
1 (x) = cosec ! x
From the above discussions following IMPORTANT points can be concluded.
(i) All the inverse trigonometric functions represent an angle.
(ii) If x > 0, then all six inverse trigonometric functions viz sin™ x, cos™ x, tan™x, sec’!x, cosec’'x, cot!x

represent an acute angle.
(iif) If x <0, then sin"'x, tan"'x & cosec’'x represent an angle from —n/2 to 0 (IV*" quadrant)
(iv) If x <0, then cos!x, cot'x & sec’'x represent an obtuse angle. (I quadrant)

(v) Il quadrant is never used in inverse trigonometric function.

Hlustration 1 : The value of tan"}(1) + cos™ [—%j + sin’? (—%] is equal to

4 12 4 12
Soluti t _1(1)+ -1 1 + ain! 1 _£+2_TC_£_£+£_3_TC A (C)
olution : an cos -5 sin ) At 3 eTat T, ns.
2n . 2n
[llustration 2 : 1t ZCOS_ X; =0 then find the value of zxi
i=1 i=1
Solution : We know, 0 <cost x <m
Hence, each value cos’lxl, cos’lxz,cos’lxs, ...... ,cos’lx2n are non-negative their sum is zero only
when each value is zero.
i.e., cos’lxi =0 for all i
= x, =1 for all i
2n
1+1+1......... 1}=2
in =X, + Xy +Xg Feenn +X,, = L+ :mimes +1}=2n {using (i)}
i=1
2n
. in =2n
i=1
Do yourself - 1 :
(i) If a, B are roots of the equation 6x% + 11x + 3 = 0, then
(A) both cos'a and cos™'p are real (B) both cosec!a and cosec™!B are real
(C) both cota and cot™!B are real (D) none of these
(ii) If sin''x + sin'ly = © and x = ky, then find the value of 392 + 5k
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3. PROPERTIES OF INVERSE CIRCULAR FUNCTIONS : Ay
1 .........
b
D)
45
P-1 (i) y = sin (sin'x) = x -1, o +1 x
x e [F11], vy € [-1,1] . 1
My

(i) y = cos (cos! x) = x =

xe [-1,1], vy € [-1,1]

(iif) = tan(tan™ x) = x
v

O X
xeRyeR /

v
-
(iv) y = cot(cot™ x) = x, 2
O X
x €R; y eR
Y Py
3
1
() y = cosec (cosec™! x) = x,
-1 (@) 1 x
x| > 1, |yl >1
vl 5
E
K
(vi) vy = sec(sec?! x) =x Ay E
P
x| >1; |yl >1 1
-1 (@] 1 X

Note : All the above functions are aperiodic.
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IHllustration 3 -

Solution

Evaluate the following :

(i) sin(cos™'3/5) (1) cos(tan™ 3/4) (i)

(i) Let cos! 3/5 = 0. Then,
cos = 3/5 sin® = 4/5
sin(cos™ 3/5) = sin 6 = 4/5

=

(i) Let tan 3/4 = 0. Then,
tan® = 3/4
4 2 1
= — " as cos” 0=
= - { o)

cos(tan™! 3/4) = cos® = 4/5

ool e () - enlG-(-g)) -

(iii) Ans.
Do yourself - 2 :
Evaluate the following :
; tan| cos ™ i sin lcos_1 i ; cos| sin”} —E
(1) T (1) 508 | (i) =
; E—sirf1 _—1 cos[sin_1 l) 5 sin cosf12
(iv) sin 3 2 (v) 2 (vi) 5
P-2 (i) y=sin! (sinx), x € R, y e[—g,g} periodic with period 2r and it is an odd function.
AY
-T—X, —TCSXS—E N 2N % - .
2 //q’(\x \qx T \‘:/+ \?vl— 3 /_é\,
R = S
sin_l(sinx): X , —£<x <E p 2 45 2 > >
2 2 —2n _3n - O L n 2n X
2 2
T—X , r <x<m
2 T
)

(ii)

(ii)

y = cos! (cos x), x € R, y € [0,n], periodic with period 21 and it is an even function.

UAN

T

q,’\\‘ A +

-1<x<0 x N oz
= 3

O<x<m

_ —X
cos Y(cosx) = { ’

X K

I
2

y = tan™ (tan x)

n T
x € R- {(@n —1)5,1’1 ely; ye ~5°5 ) periodic with period 7 and it is an odd function.

2
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3n T
X+mT , ——<Xx<-——

2 2 i /i A/ A
I +/ 1 S/ 1 /|
-1 T T I 7 I I ¢ I
tan " (tanx) =4 x , ——<x<-— S i I S I 2n
T
I
I
I

x+mw, nw<x<0
cotHcotx) ={x , O<x<m

X—TM , T<X<27

No-————

() y=cosec?! (cosecx),x e R-{nn,nel} ye [—g,O] ) (O,g} , is periodic with period 2t and it is an odd

function. N
- VA
\6>< i \\j/ -?:[4 3
r "2 45 2
_%Tt - O % T
I
2
(vi) y = sec’! (sec x), y is periodic with period 2w v
and it is an even function.
« T e
+xq/ I G TR I N
vl + | 2 3
xeR- (2n—1)£n ely, ye O,—]U[E,TC > [ | S
2 2 2 i 1 L
—2n 31 -T T 0] T T 3 2n x
2 2 2 2
lllustration 4 : The value of sin™ (=+/3 /2) + cos™ (cos (7m / 6) is -
(A) bt / 6 B)w/ 2 Q) 3n/2 (D) none of these
Solution : sin”! (—\/§/2) = — sin™! (\/g/ 2) =-n/3
and  cos™ (cos (7m / 6) = cos™ cos (2m - 5n / 6) = cos ™t cos (5 1 / 6) = 5n/6
a1 5 T 5n =
Hence sin (—\/§/2) + cos” (cos 7/ 6) = —§+?=5 Ans.(B)
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IHllustration

Solution

Hlustration

Solution

Hlustration

Solution

[llustration

Solution

5

6 :

7 :

g :

Evaluate the following :

-1 7
@) sin"!(sinnt/4) (i)  cos (cos ?)

i) sinl(sinn/4) ——
1 Sin SINTT, 4

(i) cos™! (Cos76_nj # 76—71:, because % does not lie between 0 and .
Now, cos™! (cos76—n) = cos! (cos [271 —%D { %T =2n —56—n}
= cos’! [cosS—n] _om Ans.
6 6
Evaluate the following :
(i) sin"(sin10) (i) tan"Y(tan (- 6)) (iii) cot™(cot 4)

(i) We know that sin"}(sin@) = O, if -1/2 < 0 < /2

Here, 6 = 10 radians which does not lie between —-n/2 and n/2

But, 3m -0 ie, 3n - 10 lie between - g and g

Also, sin(3t - 10) = sin 10
sinY(sin 10) = sin™! (sin (3® - 10)) = (3% - 10)
(i) We know that,

tan”{(tan®) = 0, if -1/2 < 0 < /2. Here, 6 = -6, radians which does not lie between —1/2
and ©/2. We find that 2n - 6 lies between -n/2 and 7/2 such that;

tan (27 - 6) = —tan 6 = tan(-6)
tan"}tan(-6)) = tan! (tan(2n - 6)) = (2% - 6)
(ii)  cot(cotd) = cotYcot(r + (4 - m)) = cot Ycot(d - @) = (4 - n) Ans.

Prove that sec)(tan™'2) + cosec’(cot™ 3) = 15

We have,

sec? (tan'2) + cosec?® (cot™'3)
= {sec (tarf1 2)}2 + {cos ec (co‘[’1 3)}2 = {sec (tan1 %j}z + {cos ec [cot1 %j}z
= {sec (sec'1 \/g)}z + {cosec (cosec’1 \/ﬁ)}z = (\/5)2 + (x/ﬁ)z =15

Find the number of solutions of (x, y) which satisfy |y| = cosx and y = sin”\(sin x), where |x| < 3.

Graphs of y = sin"}(sinx) and |y| = cosx meet exactly six times in [-3m, 3.
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-1
H COS COS—
(i) ( 6

Do yourself - 3 :

Evaluate the following :

BEJ (ii) tan !

7
) s o wn()

-1 2n 1 3n -1 4
(v) tan tan? (vi) tan tanT (vii) cos cos?
T
P-3 (i) sin? x + cos! x = Py -1<x<1
T
(ii) tan! x + cot™! x =5 xeR
T
(iii) cosec™! x + sec’! x =5 x| > 1
P-4 (i) sin? (-x) = - sin”! x , -1<x<1
(ii) cosec’(-x) = — cosec! x,x <-lorx>1
(iif) tan? (-x) = - tan™? x , xeR
(iv) cot! (x) = mw-cot! x x € R
(v) cos! (-x) =m - cost x -1<x<1
(vi) sec! (x) = m - sec! x x<~lorx>1
P-5 (i) cosec’! x = sinl— ; x <1, x >1
X
1
(i) sec! x = cos1— x <-1, x >1
tan™ l ; x>0
(i)  cot'x= % )
T+tan*= ; x<0
X

1 a1 n/2 , ifx>0
Illustration 9 : Prove that tan x+tan™ —=
X -n/2 , ifx<0
tan! [1 ) B cot™ x , forx>0
Solution : We have < Cntcot'x . forx <0

-1
tan " x

tan? x+cottx=m/2 , ifx>0

+tan1(—j: . .
X tan” x+cot x—nm=n/2-n=-n/2 , ifx<O0

(a) cos”! (

Do yourself - 4 :
(i) Prove the following :

5 (12
— | =tan -
13 5

1
(ii) Find the value of sin(tan’la + tan'lg); a=0

J (b)  sin’! (—ij =tan! (—EJ =cos ! (—Ej -n
5 3 5
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L Xty
tan 1-xy where x > 0, y> 0 & xy <1
X+vy
P-6 (i) (a) tan! x + tant y = 7 +an! E where x > 0,y >0 & xy > 1
T
5 where x >0, y>0 & xy=1

(i) (a)

(b)

Note : In the above results x & y are taken positive. In case if these are given as negative, we first apply P-4 and

tan! x - tan! y = tan™ Tixu

tan"'x + tan’ly + tan z = tan’! {

. -1 . -1
sin"x + sin"y =

X—y

sin ™ [x\/l -y’ + y\/l -x%]

> >
T+ xy where x > 0,y > 0

X+y+z—Xyz
1-xy—yz—2zx

CAREER INSTITUTE
«u JROTA (RAJASTHAN

7t—sin'1[x\/1—y2 +y\/1—x2] where x> 0,y> 0 &x"+y*> 1

sin? x - sin! y = sin! [x\/l_y2 _y\/l_xz ] where x >0,y >0

cos?x + costy = cos? [xy—+1—x%241-y?] where x >0,y >0
cos’l(xy+\/1—x2\/1—y2) ;o x<vy, x,y>0

cos™

x —costy=

then use above results.

—cos™

R S A

}if x>0,y>0,z2>0&xy +tyz+zx<1

wherex> 0,y> 0 & (x* +y?) < 1

[llustration 10 : Prove that

Solution

(ii)

1

1

tan"! = +tan"l—=

1
LH.S. = tan'17+tan'1

|
—
Q
o}

Il
-
o
=]

L
TN
O | DN
oo
~——
Il
-
Q

7

13

2
tan~!— (i) tan™ l +tan™ l +tan™ l +tan™!
9 5 7 3
1
13

X
{ tan! x + tan”" y = tan™ (1

+y
— Xy

];if xy<1}

1
8

T
4

Ans.
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Hlustration 11 : Prove that sin™ % +cot™ %+ tan™! @ =n
Solution : We have,
. -1 12 -1 4 -1 63
sin® —+cos —+tan  —
13 5 16
= tan ! 1—2 +tan! E+ tan! @ [ sin? —— =tan" ——and cos ' — =tan™* E
5 4 16 4 |
12 3
) 5 'a B 7
=mn+tan 12 3 +tan — { tanlx—l-tanly:n—i-tanl( yJ,if xy >1
1-"=x= —Xy J
5 4
4 63 (63
= m+tan — |+ tan —
-16 1
= g—tan’’ +tan™ ﬁ [ tan'(—x) = —tan’ X:|
16
=71
[llustration 12 : Prove that : cos™' 12 nt3oant 28
ustration : Prove that : 13 5 65
12 3_.a5 .43 { 412 ,15}
: . -1 1Y =sinT —+sin” — . Ccos  — =sin T —
Solution : We have, cos 13 +sin = 13 5 13 13
5 3y 3 5 Y
:sin71 —X 1—[—) + —X 1—(_j zsin_l ixi_}_ixl_z :sin_lﬁ
13 5 5 13 13 5 5 13 65
Hlustration 13 :If x = cosec(tan '(cos(cot *(sec(sin™a))))) and y = sec(cot \(sin(tan*(cosec(cosa))))), where a e [0,
1]. Find the relationship between x and y in terms of 'a'
1
Solution : Here, x = cosec(tan (cos(cot (sec(sin'a))))) { Let sinO =a = secO = -2
= cosec(tan™(cos(cot }(sech)))
( (o 1 ) (1) 1
= x = cosec| tan"" | cos| cot™’ Let cot™ =¢ = cotdp=
L L L L l—aZUU L\/I—azJ V1-a®
1 1
= cosec(tan " (cos¢)) therefore cos¢ =
2 —a?
(4 1 (1 ) 1
= X = cosec| tan" Let, tan™’ =y = tany = —
L L\/2—a2 U L\/Z—azJ 2 —a?
= cosec Y therefore cosecy =+/3 —a®

= X=43-a%2 . (i)
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and vy = sec(cot !(sin{tan }(cosec(cos™ a)))))

= y = sec (cot_1 (sin(tan_1 (

= V= Sec(cotl[

= sec(cot \(sin(tan"Y(coseca))))

M)
)]

= sec(cot (sin(p)))

1))
V2 —a? U
= sec Y
= y=43-22 . (i)

from (i) and (i), x =y = 3 -2 .

AL

CAREER INSTITUTE

KOTA

(RAJASTHAN

Ans.

Do yourself - 5 :

Prove the following

(i) sin”? (ij +sin™ (EJ =cos™! (%j
5 17 85

(iii) tan ! (ij +tan! (lj = tan [lj
11 24 2

4. SIMPLIFIED INVERSE TRIGONOMETRIC FUNCTIONS :

(a)

(b)

(c)

2tan! x if |x|<1
): n-2tantx if x>1

—(7 +2tan”! x) if x<-1

2x
1+x

y=1(x) = sin~! ( 5

y—f(x)—cos_l[l_xzw— 2tan"'x if x>0

1+x2) —2tan'x if x<0

2tan"! x it | x|<1
-1 2x -1 .
y = f(x) = tan 1 5= n+2tan  x if x<-1
- X

—(m-2tantx) if x>1

n/2

yA

bt

|
(S
( —— ——— ] ——— ———
—

C —— ——— — ——— ———

/2
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(d) v =1 =sin? (3x - 4x?) 4
n/2
i D I /: \p
—(7'c—|—351r171 x) if -1 Sxﬁ—l : .
1 12 < T =32 .12 +1/2 —~ Sx
= 3sin ! x if ——<x<— B E[ ' 1
2 2 : :
. -1 . 1 :
n—-3sinx if —=<x<1 :
- 2 —TE/Z\
-1 3 4
(e) y =1f(x) =cos™ (4x° —3x) -
i 1 , 1
3cos  x—-2n if -1<x< _E
=|2n-3costx if —lS X Sl
2 2
1 . 1
3cos  x if —<x<1
L 2 <
Ny
1
—(TC+2$iI‘171 x) -1<x<-—— |
\/5 n/2
(f) sin~! (2xV1 —x? ) ={2sin"!x —L <x < L L
2 2 N x
n—2sin"! x Lstl 5
2 :
t -n/2
7
T
~
1 o7 &,
2cos” 0<x<1 % 7
(g) cos™! (2)(2 —1) = 1o X X Q¥ *
2n—-2cos 'x -1<x<0 >
-1 (0] 1 X
4,1 = 1 _ \/g
lllustration 14 : Evalulate : (i) tan {2 tan 1_——} (i) tan{—cos™' —
5 4 2 3
. 2><— 9%
Solution : (i) tan {2 tan" ___ =tan<tan™ —tan'1 ['.'Ztan1 x =tan™ (1—2j, if | x|< 1}
-x

S
:tan{tanl——tan 1} tand tan™ 12 =tan{tan™ (_—7] :i
1+i 17 17
7

5
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IHllustration 15

Solution :

[llustration 16 :

Solution :

[lllustration 17

Solution :

(i)

We have,

Alter :

RHS :%cos’1 (1 _Xj = lcos’1 [Mj = %cos’1 (cos20)=6

5 5
Let coslg= 0. Then, cosb = £, 0<06<m/2

Now, tan lcos’1 £
2 3

3

ALL

CAREER INSTITUTE
OTA (RAJASTHAN

Cpanf o [leos0 Vs :\/s—ﬁz\/ (38-+5) :\/(3—@2 _3-\5
2 Vl+cosd \/1 V5 \N3+v5 V@+vEX3-vB) V 9-5 2
3

L fime) L1 [
2o (53] ey
o

Putting \/x =tan®, we have = 6 € }

1+x) 2 1+tan® 0
= tan" Vx = LHS
1 1 =
: 2 (i 4tan' ——tan —+tan ' — ==
: Prove that : (i) 5 99 4
(ii) 2tan! +seclﬂ+2t rl’ll:E
7 8 4
) dtan” ——tan ' —+tan" — Z{Ztanl—}—tanl—+tan1—

: Prove that : 2tan’1l+tan’ll= tanflﬂ
2 7 17
41 41
We ha\/e’ 2 tan 1§+tan 1 7
2x—
2 a1
—1 > +tan 7 -,-2tan1x=tanl( 2X2j,if—1<x<1
1-|= 1-x
4.1
—+tan_1l=‘[arf1 3 7 =tan*12
7 1 17
1-—x=
1-x

:étharf1 x =tan™! \/;

(oelos)
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2tan”' x
=2 ’[an_lL/52 —’[an_li+’[an_1L g 2x
1-(1/5) 70 99 = tan _—X2,1f|x|<1
11
4| 2x5/12 _ 70 99
5 1 1| = 1 1
=2tan' ——Jtan' — —tan™ —} =tan {—2}_ an - T 1
12 { 70 99 1-(5/12) 1411
70 99
120 1
1120 429 120 1 B T
—tan? =— —tan ' =2 _ 122 _tan —/—— = 1) 119 239 [ _ 11==
119 6931 tan 119 tan 239 tan +120X 1 tan™ 1 2
119 239
([  2tan’ 1 sect ﬂ+2 tan L =2)tan T4 tan L4 gec? 52
5 7 8 5 8 7
l_i_l \/— 2
_ 1 5 8 4 || 5V2
= 2tan 11—1 *tan [TJ -1 ['.‘sec'1 x = tan"' Vx* —1}
o=
5 8
=2tan™ E+ tan™ l =2tan™ l+ tan™" l
39 7 3 7
=tan™ {%} +tan™ % {2 tan™ x = tan™" 12—X2, if| x| < 1}
3.1
:tarflé-i—tarl’ll:tan’1 4 71 =tan™'1 _r
4 7 1-3,1 4
7
Do yourself - 6 :
Prove the following results :
(1 (1 (4 o -1(3 117 T
(i) 2 tan 1[g}+tan 1[§J=tan 1(7J (ii)  2sin (gj—tan (3—1J=Z
6. EQUATIONS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS :
. ) 5 1 11n
Illustration 18 : The equation 2cos™x + sin"'x = o has
(A) no solution (B) only one solution (C) two solutions (D) three solutions
, . . . -1 . -1 11
Solution Given equation is 2 cos™ x + sin"'x = T
4 3 . 11n 5 n 1lmn 5
= cos x + ( cos x+smx)=T = cos X+§:T cos x=4n/ 3
which is not possible as cos! x € [0, 1] Ans.(A)

59



JEE-Mathematics el ALLEN

OTA (RAJASTHAN

Hlustration 19 :If (tan’! x)? + (cot™? x ) = 5n% / 8 , then x is equal to-

A) -1 B) O O 1 (D) none of these
Solution : The given equation can be written as (tan™ x + cot™! x )2 - 2 tan! x cot™? x = 5722 / 8

Since  tan™ x + cot x = ©/2 we have

(n/2)? - 2tan™ x (n/2 - tan” x ) = 51 / 8

= an! x? - 2 (/2 tan' x - 312/ 8=0 = tanlx=-7n/4 = x=-1 Ans. (A)
ax+1 7

ax-1
+tan  ———=—
Xx—2 x+2 4

Illustration 20 : Solve the equation : tan

ax-1 ax+1 ¢
+ tan =
Xx—-2 x+2 4

taking tangent on both sides

Solution : tan

tan(tarf1 (X _1)j + tan[tanf1 (X h 1)]
L (x-1 L(x+1 Xx—2 X+2 _1
= tan| tan + tan =1 = ‘-1 < +1
x =2 X +2 1- tan(tarf1 ( D tan(tan’1 ( D

X — X+2
x—-1 x+1
-2 x+2 _ (x—l)(x+2)+(X—2)(x+1):1 ) - R
= —_x—l | =1 = 4 (x’-1) > 2x*-4=-3 = x—i\/g
Xx—2 x+2
N ” 1
ow verify X_\/E
1) (1 )
+1
\+tan'1(\/§+1\
1 1 k2\/§+1J

L2 e) (V2 -1+ (22 -1) (V2 +1)) (&) =tanm=2
(2v2 1)z +1)-(VZ -1z +1) 6 4

Il
—
Q
=}
i
= 7/ N\ /N
S
|
—
+
—
Q
=}
i
Il
/__“\

(1 ) (1)
= tan™ V2 +tan™ \/72— 1( \/§+1)+t (\/5_1} {same as above}
LI 1., 22 +1 V2 -1
V2 2

= tanl(1)= =

an (1) 2

1
X = iﬁ are solutions Ans.

Hlustration 21 : Solve the equation : 2 tan'(2x + 1) = cos 'x.

Solution : Here, 2 tan'(2x + 1) = cos'x

1—tan®0
-1 - We know cos20=———
or  cos(2tan’(2x +1)) = x { 1+ tan® 6}
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L-@x+1) 1- 2% - 1)1+ 2x + 1) = x(dx® + dx + 2
— = - - + + 1) = + +
1+@x+1) = x — 1)( X ) = x(4x X )

= - 2x . 2k + 1) = 2x(2x% + 2x + 1) = 2%(2x° + 2x + 1+ 2x +2) =0

= 2x(2x% + 4x + 3) = 0
= x=0 or 2x*+4x+3=0 {No solution}

Verify x = 0
2tan’(1) = cos™(1) - ==Z
2 2
x = 0 is only the solution Ans.
Do yourself - 7 :
Solve the following equation for x :
. X =
(i) Sir{smq (lj+cos_1 X} _1 (ii) cos'x+sinl===
5 2 6
(iii) cotflx—cotfl(x+2)=%, where x > 0.

7. INEQUATIONS INVOLVING INVERSE TRIGONOMETRIC FUNCTION

Hlustration 22 : Find the complete solution set of sin\(sin5) > x* - 4x.
Solution : sin"Y(sinb) > x% - 4x = sinYsin(5 - 27)] > x% - 4x
= ¥ -4x<5-21 = X -4x + (2n - 5) <0

=  2-49-21<x<2+49-21 = x€(@2-+9-2m, 2++9-2n)

Ans.

Hlustration 23 : Find the complete solution set of [cot™x]? — 6[cot™x] + 9 < 0, where [.] denotes the greatest
integer function.

Solution : [cot™x]? - 6lcot™x] + 9 < 0
= (cotx] - 32 <0 = [cotlx]=3 = 3<cotlx <4 = x e (-, cot3]

i1
[llustration 24 : 1t cot’1£>g, n € N , then the maximum value of n is -
T

(A) 1 (B) 5 (C) 9 (D) none of these

n w«
Solution : cott—>—
n 6

— cot[cot1 (ED < cot (E] =2c NEY
T 6 T

n <TE\/§ = n < 5.5 (approx)
n=>5

=
= > (n € N) Ans. (B)

Do yourself - 8 :
(i) Solve the inequality tan!'x > cot™!x.

(ii) Complete solution set of inequation (cos™'x)? - (sin™!x)2 > 0, is

1 1
(A) [O, Ej (B) {—1, Ej (C) (-1,+2) (D) none of these
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8. SUMMATION OF SERIES :

Illustration 25

Solution

: Prove that :

CiX— c, —C c, —C c.—c
tant | 2 J +tan™ | 2 L |+tan™| =2 2 |+, . +tant| >t
cy+x 1+c,c, 1+4c,c, l+c.c,

C C C C C C
—tanfl y—ll +tar171 ﬁ +tan71 % +...+tan71 %
1+2. = 1+—.— 1+—.— 1+—. —
v G ¢ G G, G Ca G

1 1 1 1 1
= [tan1 X_ tan™! —] + [tan1 — —tan™ —] + [tan1 —tan’! —] +. ...
v ¢y ¢y C, Cy C3

—tan™’ (E] =R.H.S.
1%

4 cx— 4 ¢, —c 4| ca—c 4 c —c !
LHS. tan SXTI  tan ™ | 258 | BT |y tan | 2" | pan | =
Gy +X 1+c,c, 1+c,c, l+cc, c,

1

Do yourself - 9 :

o 2
q E l o =
(i) valuate rgltan (1+(2r+1)(2r—1)j

Miscellaneous

[llustrations

T
Hlustration 26 :1f tan'y = 4 tan™’ x,(| X|< tan g) , find v as an algebraic function of x and hence prove that

Solution

[llustration 27

Solution

T
tang is a root of the equation x* - 6x> + 1 = 0.

We have tan! vy = 4 tan’! x
2x
= tanly =2 tan’! 3 (as [x] < 1)
1-x
4x
2
~ tan 1= = tan™' Ax(l —x7) [as 2X2 <1]
1— 4x* x* —6x" +1 I-x
(1-x%)?
2
> y-xl-x)
X" —6x"+1
If - tan—
X = tang
= tan"'y =4tan"" x =g = y is not defined = x*-6x*+1=0

;I A=2tan" (242 -1) and B =3 sin"(1/3) + sin"(3/5), then show A > B.

We have, A = 2tan™ (2.2 ~1) = 2tan"'(1.828)

2
= A>2an(J3) = A >?n ....... Q)

Ans.
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IHllustration 28

Solution

[llustration 29

Solution

[lllustration 30

Solution

1 h sin”! (lj <sin™ (l) = sin™? (lj < r
also we have, 3 2 3 6
1 b
3sin”! [—) <=
= sin 3 5

( 3 23
also, 3sin”’ (éj =sin™" LB%—4[%} J = sin”' (Ej = sin"1(0.852)

= 3sin(1/3) < sin' (V3 /2) = 3sin{(1/3) < n/3

also, sin(3/5) = sin? (0.6) <sin(J3,/2) =  sin(3/5) < w/3

2
Hence, B = 3sin”! (1/3) + sin”! (3/5) < ?ﬁ ........ (i)

From (i) and (ii), we have A > B.

: Solve for x : If [sincos™'sintan'x] = 1, where [.] denotes the greatest integer function.

. -1 -1 .. -1 -1
We have, [sin"cos sin"tan x| = 1
- - .- - T . — .- -
= 1 <sin'. cos™. sin?. tan'x SE = sinl < cos™. sin?. tan'x < 1
. . -1 -1 . . -1 .
= cos sinl > sin” . tan"x > cosl = sin cos sinl > tan " x > sin cosl

= tan sin cos sinl > x > tan sin cosl

Hence, x € [tan sin cos 1, tan sin cos sinl] Ans.

S 1f 0 = tan(2 tan’0) —lsin_l (Mj then find the sum of all possible values of tan.

2 5+4cos20
, 1 3sin20 } 1  ,( 6tan®
0 = tan (2 tan’®) ——sin’ [—) = 0 =tan'(2 tan®@) —sin (—
2 5+4cos20 2 9 +tan?0
Z(Etan 9)
1 3

= 0 = tan”(2 tan®0) ——sin” —_— = 0 = tan'(2 tan0) —gtan_l (ltan 6)
2 (1 ) 2 3
1+|—=tan®
3
-1 2 -1 1 .
= 0 = tan (2 tan“®) —tan gtane ........ (i)
taking tangent on both sides
B 6tan® 0 —tan®
3+2tan®0
2tanO(tan®0 -3 tanf + 2) = 0 = 2tanO(tan® -1)* (tan® + 2)= 0
tan® = 0, 1, - 2 which satisfy equation (i)
sum=0+1-2=-1 Ans.

= tan© = 2tan’® - 6tan®® + 4tan® = 0

U

U

: Transform sin™'x in other inverse trigonometric functions, where x € (-1, 1) - {0}

Case-l : 0<x<l
Let sin'x = 0, 0e [O,Ej
2
Now, cos0=+/1—sin’0 = 0 =cos V1 —x2 1 <
S 11«2 = sec? { 1 J < — L]
= sin”” x = cos —X“ =sec 1—2
1-x°
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ANSWERS FOR DO YOURSELF

1:

2

O 00

(1)

(1)

(1)

(v)

(i)

(i)
(i)

X
tan® =
1-x2
0=tan! sin"! x =tan!
= 1 2 = 1 2
—x - X
2
_ _ X _ 1-x
= sin! x = tan™? =cot™!
V1-x% X

Hence, sin"! x = cos ' V1 —x?

2
=sec” ! =tan~! X =cot™? 1-x = cosec ! [lj, 0<x<l1
1-x? 1-x2 X X

Case-II : “1<x<0
b
Let sin'x =0 0e (—E, Oj
Then x = sin®
= cos0 =1 -x? = cos(—e)z 1-x?
 cos VI — % = —sec! 1
= 0= —cost V1—x2 = sin”” X = —cos x° =—sec -
1-x

X

Again, tan0 =
1-x2

= 0 =tan = sin"! x =tan

1-x2 1-x2

2
= sin"! x = tan ™ = —m+cot™ 1-x { tan™! x = -1+ cot ! (—j, X < 0}
1-x? X X

Hence, sin™! x = —cos™! V1 — x?

C (ii) 1526

1 1 4
?5 (ii) ﬁ (iii) 5 (iv) 1 (v) g (vi) %
k3 T , T
6 (ii) 6 (iii) = - 2 (iv) 6
_r - gy T

3 (vi) 1 (vii) 3

1, if a>0

-1, if a<O0

é (i) 1 (i1i) 3
(1, ) (ii) B
n/4
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EXERCISE - 01 CHECK YOUR GRASP

SELECT THE CORRECT ALTERNATIVE (ONLY ONE CORRECT ANSWER)

1. The value of sin! (_\/§/2) is -
(A) -m/3 (B) -2n/3 (C) 4n/3 (D) 5n/3

2. cos (2 tan ! (%D equals -
(A) sin(4cot™!3) (B) sin(3cot™14) © cos(3cot™t4) D) cos(dcot™!4)

5onj » [ 3175]} .

+cos tcos| —=—=|| is equal to -
9 9

10xw

(A sec= o~ B) secg © 1 D) -1

3. The value of gec {sin1 (—sin

_ 8n _ 8
4, COS(COS ' cos [7) +tan” tan (7)] has the value equal to -

A1 (B) -1 (C) cos % (D) 0
5. (sirf1 x)2 + (sirf1 y)2 + 2(sir171 x)(sirf1 y) = n? , then ><2+y2 is equal to -

A1 B) 3/2 © 2 (D) 1/2
6. cot™? [ (cos a)? ] - tan! [ (cosa)/? | = x , then sin x =

tan 2 (2) cot (E} cot (gj

(A) 2 (B) 5 (©) tan o D) 2

7. tan(cos™! x) is equal to
V1 +x? 1-x*
® 1 B X o =X D) VI _2x
+ X X X

1 1 (1 . x))
8. If x = 2cos™! 5 + sin! E + tan’! (ﬁ) and y = cos LESIH SIHE ) then which of the following state-

ments holds good ?

3n 5n
(A) y=cos— (B) y=cos— (O x=4cos™! y (D) none of these
16 16
9 If x = tan! 1-cos? (—l) +sin”! L= cos [lcos1 (l]) h
. X = tan —C0S 2 9 v 2 3 then -
(A) x =y (B) vy = mx (C) tan x = —(4/3)y (D) tan x = (4/3)y
10. tan'2+ tan!'3 = cosec!x, then x is equal to -
A 4 B) 2 © 2 (D) none of these
11. The number k is such that tan {arc tan(2) + arc tan(20k)}=k. The sum of all possible values of k is -
n - B -2L 00 D) —
&) 40 (B) 40 © (D) 5
1
12. If sin! x + cot™ (—] = E, then x is -
2 2
1 2 \/g
A B) —— - D)—
(A) 0 (B) \/g © \/g (D) o

65



ALLEN

CAREER INSTITUTE
(RAJASTHAN

JEE-Mathematics 4
13. If tan(cos™'x) = sin (cot™ 1/2) then x is equal to -
A 1/J5 B 2/+5 © 3/+5 D) \5/3
14. sin'(@2xV1-x%)=2sin"!x is true if -
11 (11 ERERE)
@) x cl0,1] ® | 5% © |33 D |~
15. Domain of the explicit form of the function y represented implicitly by the equation (1+x) cosy — x2 = 0 is -
(145 1-45 1+45 o L5
(A) (1,1] I O |5 3 O %5
16. If cos'x—cos™ % =, then 4x? - 4xy cos o + y? is equal to -
(A) -4sin’a. (B) 4sin’a. © 4 (D) 2 sin 2o
17. Ifcostx+costy+cos!z=m, then -
(A) x*+ y*+ 2%+ xyz = 0 (B) x*+ y*+ 2%+ xyz = 1 (C) x y*+ 2%+ 2xyz = 0 (D) x%+ y*+ 2%+ 2xyz = 1
18. If tan™! X < E, x € N, then the maximum value of x is -
T 3
A) 2 B) 5 © 7 (D) none of these
19. The solution of the inequality (tan!x)? —3tan'x+2 >0 is -
(A) (—oo,tanl]u[tanZ,oo) (B) (—00, tanl] (@) (—oo,—tanl]u[tanZ,oo) (D) [tan2, oo)
20. The set of values of x, satisfying the equation tan®(sin'x) > 1 is -

)

@& [-1.1] 2 g

B)

1.1 - X2 X=
€ LD { 2 2

[ 2 V2)

0) 117"

SELECT THE CORRECT ALTERNATIVES (ONE OR MORE THAN ONE CORRECT ANSWERS)

. a4 12| 2
21. If numerical value of tan<cos g+tan g s o then -
(A) a+b=23 B)a-b=11 C)3b=a+1 (D) 2a = 3b
1 1 1l4xn
22. The value of cos ECOS cos _? is/are -
A) cos (_7_7:) B) sin (lj C) cos [Z—RJ D (B—RJ
(#) cos| -~ ® sin| 75 (© cos S (D) ~cos|
(1 (2
23. fan 1 +tan 9 equals to
lcos_1 i ism_1 E ltan_1 é tan~! l
A) 5 (B) © 2 5 D) 2
4
24. sin’! 35—)(+sirf1 ?X =sin'x , then roots of the equation are -
A) 0 B) 1 ) -1 (D) -2
OUR RAQD A » »,
Que. | 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Ans. C A C C B D B C
Que. |16 17 | 18 19 20 21 22 23 24
Ans. C |AB/C|B,C,D| A,D |AB,C
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EXERCISE - 02 BRAIN TEASERS
SELECT THE CORRECT ALTERNATIVES (ONE OR MORE THAN ONE CORRECT ANSWERS)
1. cos™x = tan'x then -
5-1 5+1
(A) X2 :[\/7 ] (B) Xz :[\/7+ ]
2 2
(©) sin(cos™ x) = [\/52_1] (D) tan(cos ™! x) = [ng_lj
2. The value of sin (lcot1 (—2)] + cos[lcot1 (_Ejj is/are equal to -
2 4 2 4
A) 1 B ﬂ
(A) (B) o
\/7 . 1 -1 3 -1 . -1 1 1 4
(C) V2sin Ecot 1 +cot (1) (D) V2sin| © - tan (1)—§tan 3

(1 _ _
3.  The value of tan™! (EtanZA) +tan ! (cot A) +tan " (cot® A) for 0 < A < (m/4) is -

(A) 4 tan™(1) (B) 2 tan™(2) €0 (D) none
4. For the equation 2x = tan(2tan"!a) + 2tan(tana+tan'a®), which of the following is/are invalid ?

(A) a’x + 2a = x (B) a®+ 2ax +1= 0 C) a=0 D) a=-1, 1

-1
tan £+lsirf1 (3) + tan E—lsirf1 [i] i
5. The value of 179 b 1 9 b , where (0 <a<b)is -
b a b2 — a2 b2 — a2

® 2 ® 2 T O

6. Identify the pair(s) of functions which are identical -
1-x? 1
(A) vy = tan (cos™x) ; y = (B) y = tan (cot'x) ; y = ;
X
X
(C) y = sin (arc tanx) ; y = (D) vy = cos (arc tanx) ; y = sin (arc cot x)
V1+x2
-1 -1 [ 2X2 — 1 \
7. Which of the following, satisfy the equation 2cos ™ x = cot L—
4x% —4x*
(11)
&) (-1, 0) B) (0, 1) © L 2’\@} D) -1, 1]
( 1- 2\
8. The solution set of the equation sin"' V1 —x% +cos P x =cot! L X - sin'x s -
X
@A) [-1, 11-{0} (B) (0,11 U {-1} © [F1,0)U {1} D) [-1,1]

2

9. If 0 < x <1, then tan!

A lcos_lx B cos™! 1+x C sin”! 1-x D ltan_1 L+x
&) 5 (B) \l 5 © 5 (D) 5 1«
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10. The number of real solutions of tan? x(x +1) +sin P Vx? +x+ =g is - [JEE 99]
(A) zero (B) one (C) two (D) infinite
11. If [sin’x] + [cos'x] = 0, where ‘X’ is a non negative real number and [.] denotes the greatest integer function,
then complete set of values of x is -
(A) (cosl, 1) (B) (-1, cosl) Q) (sinl, 1) (D) (cosl, sinl)
12. Value of k for which the point (a, sin"la)(o > 0) lies inside the triangle formed by x + v = k with co-ordinate axes is -
(14—E oo] (—[l—i-ﬁ) [1—%—2)\ (—oo 1+£] i i
(A) . (B) L o) 5 J © ) 2 (D) (-1-sin1, 1+sinl)
. 2x2 +3)
13. Solution set of the inequality sin ! Lsin X2 hi J <Sn—— is -
x“ +1 2
A) (o,1)u(l,x) B) -1, 1] © -1, 1) (D) (-0, -1JU[1, )
14. Consider two geometric progressions a,,8y,850 0 a &b,by,b,...b witha = bi =21 and another se-
quence t,t,t,....... t such that t = cot™! (2a_+ b) then liin Ztr is -
n—oo T
A) 0 B n/4 (C) tan12 D) /2
15. The sum of the infinite terms of the series -
142 3) 71(2 3] 71[2 3)
t(1+—+t2+—+t3+—+ i -
co 4 co 4 co a) is equal to
37'C 1
(A) tan™(1) (B) tan™(2) (C) tan™\(3) (D) T—tan 3
Que. 1 2 3 4 5 6 7 8 9 10
Ans. A,C B,C,D A B,C C A,B,C,D B C A,B,C
Que. 11 12 13 14 15
Ans. D A B B B,D
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EXERCISE - 03 MISCELLANEOUS TYPE QUESTIONS

FILL IN THE BLANKS

1 1 (1)
1. tan| cos _+ta L\/’J .................. 2. cos (tan_1 2) =

.13 -1 3) -1
t 2 ot - cosfcos | —|+—
3. an(sm 5 co 9 ) T o 4. L 2 J

4 3 _ _
5. sirl1 +cos1 +cot1\/§ =

V73

(1 (1)
6. fan [EJJFSIH LEJ_COS k\/iJ L \/§J= .................
= —~3)
7. sleE—sm k 5 )1

8. —[c051%+cos1 %J—cosl[\/ls_ox/_ 1J+4 11

1| 3sin2a _1| tana n -
° tan +tan where ——<a<— =
) 5+3cos2a 4 ) 2 g T s

10. The number of roots of the equation/sinx = cos™(cosx) S ievrrreerirennne.

MATCH THE COLUMN
Following questions contains statements given in two columns, which have to be matched. The statements in

Column-I are labelled as A, B, C and D while the statements in Column-II are labelled as p, q, r and s. Any given
statement in Column-I can have correct matching with ONE statement in Column-II.

4 )\
1. ( Column-I ) Column-II
. 33n
(A) sm*l[sm - j (p) | -2m/7
46T
(B) cos’l(COS 7 j (Q | 2n/7
-33n
(C) tan{tan( 7 D (r) | 3n/7
—-461
(D) | cot! [CO’[( 7 D (s) | 4n/7
2. ( Column-I Y Column-II )
(A) | sin(tan™x) (p) | x
X
-1
(B) | cos(tan'x) (@) <2 +1
1
(C) | sin(cot™(tan(cosx))).x €(0,1] (r) 2
x“+1
(D) | sin(cosec}(cot(tan™x))); x (0,1] (s) 1_x2
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Following question contains statements given in two columns, which have to be matched. The statements in
Column-I are labelled as A, B, C and D while the statements in Column-II are labelled as p, q, r and s. Any given
statement in Column-I can have correct matching with ONE OR MORE statement(s) in Column-II.

3. x>0,y>0,z>0 and tan'x + tan'y + tan 'z = k, the possible value(s) of k, if
( Column-I Y Column-II )
T
(A) | xy + yz + zx = 1, then p) | k = 5
B) | x +y + z = xyz, then Q| k=m=
(C) X2+y2+22=1andx+y+z=\/§,then (r) |k =0
n
(D) | x =y =2z and Xy223\/§, then (s) | k =?
ASSERTION & REASON
These questions contains, Statement I (assertion) and Statement II (reason).
(A) Statement-I is true, Statement-II is true ; Statement-II is correct explanation for Statement-I.
(B) Statement-I is true, Statement-II is true ; Statement-II is NOT a correct explanation for statement-I.
(C) Statement-I is true, Statement-II is false.
(D) Statement-I is false, Statement-II is true.
41 41 _ . 1 1
1. Statement-I : Range of cos|sec —+cosect =+tan ‘x| is |——F—,—4=
X X 2 2
Because
n 37n
Statement-II : Range of sin”! x + tan! x + cos™! x is [Z,T}
(A) A (B) B @ C (D) D
2. Statement-I : If r, s & t be the roots of the equation : x(x — 2)(3x — 7) = 2, then tan'r + tan™'s +tan't
= 3n/4.
Because

Statement-II : The roots of the equation x(x - 2)(3x — 7) = 2 are real & negative.
(A) A (B) B Q) C (D) D

2n n n n

. -1 2 3

3. Statement-I : If Zsm x;=nm,n €N Then in = in = in
i=1 i=1

i=1 i=1
Because
b _ T
Statement-II : ) <sinT'x < E,V x e[-1,1].
(A) A (B) B (C) C (D) D

4. Let f : R — [0, n/2) defined by f(x) = tan}(x? + x + a), then

1
Statement-I : The set of values of a for which f(x) is onto is {Z, OO] .

Because
1
Statement-II : Minimum value of x> + x + a'is a ——
(A) A (B) B (€ C (D) D
1 9 9
5. Statement-I : cosec cosng :n—g.
Because
Statement-II : cosec(cosecx) = m - X ; V x e [g, 32—71— {rn}
(A) A (B) B Q) C (D) D
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COMPREHENSION BASED QUESTIONS

Comprehension # 1

(o5l ) (ntx)
Consider the two equations in x ; (i) sin(cos XJ =1 (ii) cosUlr1 X) =0
1% Y

The sets X1, X, < [-1,1]; Yy, Y, cI-{0} are such that
X, : the solution set of equation (i)

X, : the solution set of equation (i)

Y, : the set of all integral values of y for which equation (i) possess a solution

Y, : the set of all intergral values of y for which equation (ii) possess a solution
Let : C, be the correspondence : X, — Y, such that x Cy for xe X, v € Y, & (x, v) satisfy (i).
C, be the correspondence : X, — Y, such that x C,y for x € X,y e¥Y, &y satisfy ~ (ii).

On the basis of above information, answer the following questions :

The number of ordered pair (x, y) satisfying correspondence C, is

(A) 1 (B) 2 € 3 D) 4
The number of ordered pair (x, y) satisfying correspondence C, is
(A) 1 (B) 2 © 3 D) 4

C,: X, = Y, is a function which is -
(A) one-one (B) many-one (C) onto (D) into

Comprehension # 2

w

Let h/(x) = sin(3x - 4x%) ; h,(x) = cos'(@x® - 3x) & f(x) = h,(x) + hy(x)

1 1

when x € [-1, 7] ; let fx) =acos'x +bn;a be Q

h(x) = psin'x + qu; p, q € Q
hy(x) =rcos’x +sm;r s € Q

Let C, be the circle with centre (p, q) & radius 1 & C,be the circle with centre (r, s) & radius 1.

On the basis of above information, answer the following questions :

ptr+2q-s-=

(A) O (B) 1 € 2 (D) 4

If b.log‘s‘ Ip + q|= k.a, then value of k is -

9 -3

(A) E (B) 6 (C) 7 (D) none of these

Radical axis of circle C, & C, is -

(A) 12x-2y-3=0 (B) 12x+2y-3=0 (C) -12x+2y-3=0 (D) none of these
MISCELLANEOUS TYPE QUESTION ANSWER KEY EXERCISE -3
o Fill in the Blanks

1 L 2 L 3 1—7 4 1 5 5—n 6 7 l 8. 0

. \/g . \/g . 6 . = . 12 . -7 . .

9. « 10. infinite many solutions
e Match the Column

1. (A) = (a), B) = (s), (O) = (a), D) = () 2. (A) > (), B) = (@), (C) = (p), D) = (p)

3. (A) = (p), B) = (q,1), (C) = (p), (D) = (q,9)

e Assertion & Reason

1. D 2. C 3. A 4. D 5. A

e Comprehension Based Questions

Comprehension # 1 : 1. B 2. D 3. A,C Comprehension # 2 : 1. A 2. C 3. A
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EXERCISE - 04 [A] CONCEPTUAL SUBJECTIVE EXERCISE

1.

10.

11.
12.

13.

Find the domain of definition the following functions.

(Read the symbols [ *]and { * } as greatest integers and fractional part functions respectively)

2 1 . 1
f — _1 f(X) I + 2arc Sin X +
(@) (x) = cos 2 +sinx (©) X X—2
cos’1 X - X 1 -
(© e *+cot’ {5—1} t5 Inkl (d  f(x)=sin"" ["2—3] ~log;o (4 -x)

V1 —sinx

(@  flx)= X
logs (1 —4x%)

+cos! (1 - {x})

(f) f(x) =3 —x +cos ! (3 _SZXJ +logg (2 | x| —3) +sin~! (log2 x)

Find the domain and range of the following functions.

(Read the symbols [ *] and { * } as greatest integers and fractional part function respectively)

() y = cot 1(2x — x?) (b)  f(x) = sec(log tanx +log,,, , 3)

cos™! | sin x-%—E 1 _ ( \

© fx) =2 ( ( SD + {%} d)  fx) = tan L10g4 (5x2 —8x +4) J
5

Draw the graph of the following functions :
(a) f(x) = sin}(x + 2) (b) g(x) = [cos™'x], where [ | denotes greatest integer function.
(©  hix) = -|tan(3x)|

x 17
Express f(x) = arc cos x + arc cos [_+§ 3 _3X2] in simplest form and hence find the values of

2
2 1
e 't
3 3
-1X 1Y x%  2xy y2_ o
If cos g+cos EZ o then prove that a—z—gcosowrb—z =sin” o .
P that : sin”' §+sin’1 8 _ sin ! 77
rove that : = 17 g5
Prove that : cos™ x =2sin™" /1 X _2cos™ }1 tX
2 2
Prove that : tan™ 2 = ltan’l 1?2
Prove that : 3tan* l +tan! L _r_ an~!
2 4 1985

’

1 1 1
Prove that : cot™ (-1—_abj +cot™! [+_bc] +cot_1[ +caj =n,@>b>c>0)
a-b b-c c—a

Let cos!x + cos™'(2x) + cos!(3x) = m. If x satisfies the cubic ax®+ bx?+ cx - 1 = 0, then find the value of
a+b+ec

If sin®x + siny < 1 for all x, y € R then prove that sin’! (tanx . tany) (_E E]
2

1+x
1-x
will be if x > 1 ?

- Gf1-%°
If ao=2tan 1( ) & P =sin 1(1+X2j for 0 < x <1 then prove that o+ = n. What is the value of o +f3
X
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14. Solve the following equations :

(a) sin!x +sint2x = —
1 2
-1 -1 -1
t +t =t —
(b) an 1 an 1 an >
(c) tan ! (x—-1)+ tan ! (x)+ tan~! (x+1)= tan”! (3x)

(d) sin"!'x = cos ! x +sin”! (SX - 2)

(e) sin ! x +sin ! (1 - X) =cos ' x
1-a® 1-b?
-1 -1 -1
f 2tan” X =cos —cos >0, b>0
) 1+a2 1+b2 °
2
-1 2 2
(@  cos X2 +tant 5 X _Z%
x“+1 x“ -1 3
15. Find the sum of the series :
41 42 o, 2t
(a) tan " —+tan " —+........ + tan oo T 0
3 9 142"
) cot?7+cott13+cot21+cot31+....... to n terms.
(c) tan”! 2 +tan”! 2 L +tan”! 2 ! +tan”! 2; o to n terms.
Xx“+x+1 x“+3x+3 X +5x+7 x“+7x+13

CONCEPTUAL SUBJECTIVE EXERCISE ANSWER KEY EXERCISE-4(A)

1. (a) [Zrm ,2n +1) n]; n el (b) ¢(not defined for any real x) () (-1, 1)-{0} ) 1<x<4
3
(e x e (-1/2, 1/2), x #0 (f) (E’ 2}
2. D:xgR R:[n/4,nr)
(b) D:x e[th, 2nn+§ju((2n+1)n,(2nn+z—n]—{x|x=2nn+£or 2nn+i—n}n el; R[g,%}_{g}
or nMt <x<7/2+nm ; X#mn/4+nn
n/6 T _E E
() [27° 2] (d)D:xeR;R:(z, 4}
n/2 8 ke v
-4 3
2 g @
3. G & 1 . () . ©
2 T3 o2 |0 oosl 1 % e
4@ S o) 2e0s1(1) E 12. 26 13
- (@ 3 cos{3) -3 . . -7
14 LB o) x=30 x=0, &, -+ d x-1, & o, = = 220
(@ x o\ 7 (b) x () x v 50 Ty (d) x ,Z(e)x - (f) x 1+ab
(@ x=2-v303
b 2n+5
15. (a) 1 (b) arc cot[ } (c) arc tan(x + n) - arc tanx
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EXERCISE - 04 [B] BRAIN STORMING SUBJECTIVE EXERCISE

1.

Find the domain of definition the following functions.

3 )

(
@  f(x)=1 1-1 2 _5x+13))+cos*
(x) =logyq( 0g;(x X ) + cos L2+sin92ﬁj

_1f 2sinx+1
(b) f(x) = y/sin(cosx) + n(—2 cos® x +3cosx +1) + ecos [2v2 sinx]
2. Prove that :
% —>-1
. -1 . -1 -1[ . -1 _T -1 m -1{n-m) _ n
(a) sin [cos(sm x)]+cos [sm(cos x)] =3 ,|x| <1 (b) tan (n] + tan [n N m] g m_
4 n
1 2-1 —+n-— i
3. Prove that : sin™! —= +sin " \/7 + o + sin’1M+ 444444444 0= —
V2 J6 n(n +1) 2
4. If arc sin x + arc siny + arc sinz = 7t then prove that : (x ,y,z >0)
(a) X\/l—X2 +y\/1—y2 +z\/1—22 =2xyz (b) X4 +y4 +Z4 +4X2y222 =2(X2y2 +y222 +22X2)
5. Find the integral values of K for which the system of equations ;
o K
arc cosXx + (arcsiny)” = ——
possesses solutions & find those solutions.
. 2 _ TC_
(arcsiny)” (arc cosx) = 6
Ecosec2 l:l tan~ E} + isec2 ltarf1 d i ial i
6. Express 2 2 o 2 2 B as an integral polynomial in o & 3.
7. Solve the following inequalities :
(@ arc cot’x — 5 arc cot x + 6> 0 (b) arc sin x > arc cos x
(c) 4 arc tan’x - 8 arc tan x + 3 < 0 & 4 arc cot x — arc cot’x - 3 > 0
3
8. Find all the positive integral solutions of, tan'x + cos™ / = sin!l— .
V1 +y° V10
T
9. Let f(x) = cot'(x?® + 4x + 0 -0a) be a function defined R — [0, E} then find the complete set of real values of
o for which f(x) is onto.
10. Find all values of k for which there is a triangle whose angles have measure tan™ [l),tan’l [%+k) and
tan™ (l+2k) . §
2 2
11. Find the range of the function f(x) =(sin™* x)* + (cos™ x)° . é
12. Find the number of roots of the following equations : é
. (e . 2
(@  1+cos2x =~/2sin™! (sinx) (b) sm(sm 1(109% X)) +2 Cosksm ! 5—1 J =0 5
(c) | y|=cosx and y=cot71(cotx) in (%,52—“] ;;
z
BRAIN STORMING SUBJECTIVE EXERCISE = ANSWER KEY EXERCISE-4(B) [H
1@ 222 yon ns” I 5. K=-2 m o gcos™ 1 6. (a2 + 2o + P) :
. A a n m+—= 5 € . = 5 VR D . + + =
a 5 3 n cos 4 cos 4 o + Bo + B :
(V2 1 + <
7. (a) (cot2, o) (-00, cot3) ; (b) k\/Z—l ; (© [tangv COtl} 8 x=1y=2 & x=2y=7 9. 1_;/1_7 8
11 n® 7n3} 5
k=— — . inite ; ; b
10. 2 11. [32 3 12. (@) Infinite ; (b) zero; (c) 2 3
E
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JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

1.

PREVIOUS YEARS QUESTIONS

The value of cos™}(-1) - sin"}(1) is-

I n ) 3 —

2

NN

1

The trigonometric equation sin™! x = 2 sin”la, has a solution for-

1 1 1
1 < = 2) —< < = 1l 1 val f
(1) lal 2 (2) 7 la| A (3) all real values of a
If cosIx - cos‘1§= a, then 4x2 - 4xy cos a + yZ is equal to -
(1) 2 sin 2a (2) 4 (3) 4 sina
X 5 T
If sin”! 5)F cosec™? 4 =§ then a value of x is-
11 (2) 3 (3) 4
a5 22 .
The value of cot(cos ec §+tan gj is equal to-
1 L3 2 3 3 4
(1) 17 (2) 17 3) 17

If x, y, z are in A.P. and tan-1x, tan-ly and tan1z are also in A.P., then

(1) x =y =2z (2) 2x = 3y = 62

ANSWER KEY
Que. 1 2 3 4 5

(3) 6x = 3y = 2z

Ans 2 1 3 2 1

[AIEEE-2002]

[AIEEE-2003]
1
4) |al] < =
la| p

[AIEEE-2005]
(4) -4 sin®a

[AIEEE-2007]

[AIEEE-2008]

[JEE (Main)-2013]
(4) 6x = 4y = 3z

EXERCISE-5 [A]
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EXERCISE - 05 [B]

JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

1.

x? +1
Prove that cos tan™sin cot 'x = 5
X“+2
. -1 T
Domain of f (x) = ,fSln (2X)+g is -
(_l 1 1 i]
W22 S

If sin (cot? (x + 1)) = cos (tan™'x), then x =

B) 0

- a1
Ztan 1(2—2) =1, then find the value of tan(t).
i=1 !

Let (x, y) be such that sin’' (ax) + cos’ (y) + cos’ (b

[JEE 2002 (Mains), 5]

11 11
@1 2% O |75
[JEE 2003 (screening), 3]
[JEE 2004 (screening)]
C l D) 1
© 5 (D)

[JEE 2006, 12 ]

xy) =g [JEE 2007, 6]

Match the statements in column-lI with statements in column-II and indicate your answer by darkening the

appropriate bubbles in the 4 4 matrixgiven in the

ORS.

Column-I Column-II
(A) Ifa=1andb =0, then (x, v) (p)  lies on the circle x* + y* = 1
(B) If a=1and b =1, they (x, y) (q) lies on (xz— 1) (y2 -1)=0
(®)] If a=1and b = 2, then (x, y) (r) lies on y = x
(D) Ifa=2andb =2, then (x, v) () lies on (4x* - 1) (v’- 1) =0
If 0 < x< 1, then v1+x? [{xcos(cot_lx) + sin(cot_lx)}2 - 1]1/2 = [JEE 2008, 3]
X
(A) Ned (B) x (€) x {1 +x2 (D) 1 +x?
23 n
The value of cot(Zcotl [1 +22kD is [JEE (Advanced) 2013, 2]
n=1 k=1
N 2 B o> o 2 D) 22
()25 ()23 ()24 ()23
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Match List-I with List-II and select the correct answer using the code given below the lists.

List-I List-II
2 1/2
1 cos(tanfly)+ysin(tanfly) . 1[5
— +y =
P. y2 cot(sin'l y)—tan(sin'l y) takes value 1. 2\3
Q. If cosx + cosy + cosz = 0 = sinx + siny + sinz then 2. J2
possible value of cos X7 s
s 1
R. If cos Z—X cos2x + sinx sin2x secx = cosx sin2x secx+ 3. E

'
COS(Z+XJ cos2x then possible value of secx is

S. If cot(sin’lxll—xz)=sin(tan’1(xx/€)),x =0, 4. 1

then possible value of x is

Codes :
P Q R S
A 4 3 1 2
B) 4 3 2 1
© 3 4 2 1
(D) 3 4 1 2 [JEE-Advanced 2013, 3, (-1)]

PREVIOUS YEARS QUESTIONS ANSWER KEY EXERCISE-5 [B]

2. D 3. A 4. 1 5. A-pB-q(@-p D)-s 6. C 7B 8. B




